An all orders algebraic proof of the multiplicative renormalizability of the novel formulation of the GribovZwanziger action proposed in [1] , and allowing for an exact but spontaneously broken BRST symmetry, is provided.
Introduction
In recent years much attention has been devoted to the study of the issue of the Gribov copies [2] and of its relevance for confinement in Yang-Mills theories 1 . The existence of the Gribov copies is a general feature of the gauge fixing quantization procedure, being related to the impossibility of finding a local gauge condition which picks up only one gauge configuration for each gauge orbit [5] . As it has been shown by Gribov and Zwanziger [2, 6, 7] , a partial resolution of the Gribov problem in the Landau gauge can be achieved by restricting the domain of integration in the functional Euclidean integral to the first Gribov horizon. Remarkably, this restriction has resulted into a local and renormalizable action, known as the Gribov-Zwanziger action [6, 7] .
More recently, a Refined version of the Gribov-Zwanziger action has been worked out in [8, 9, 10 ], leading to a tree level gluon propagator whose behavior in the infrared region is in very good agreement with the most recent lattice numerical simulations [11, 12, 13, 14, 15, 16] . This propagator displays complex poles in momentum space. As such, it cannot describe the propagation of physical excitations. Rather, it is suited for a kind of effective description of gluon confinement, see also [17] . In spite of the appearance of complex poles, the Refined-GribovZwanziger gluon propagator has been successfully employed to investigate the correlation functions of gauge invariant composite glueball operators in order to get estimates of the glueball masses. It turns out that a Källén-Lehmann spectral representation with positive spectral density can be extracted from these correlation functions [18] ,with numerical verification recently considered in [19] . The resulting mass estimates for the lowest glueball states with quantum numbers J PC = 0 ++ , 2 ++ , 0 −+ , are in qualitative agreement with the available numerical data on the spectrum of the glueballs [20] . Let us also mention that such type of gluon propagator has also been used in previous studies in hadron physics [21, 22] , see also [23, 24] for a recent attempt to generalize the RefinedGribov-Zwanziger action by including quarks and associated chiral symmetry breaking. Recently, complex pole propagators were also considered in terms of semi-analytical approaches to the QCD phase diagram [25, 26] , partially motivated by fits to finite temperature lattice gluon data [27, 28] .
Although the aforementioned results can be taken as evidence of the fact that the Refined Gribov-Zwanziger theory can be effectively employed to investigate the physical spectrum of a confining Yang-Mills theory, there are still many aspects of the theory which remain to be understood. Certainly, the systematic construction of a set of composite operators whose correlation functions can be directly related to the physical spectrum of a confining Yang-Mills theory is one of the most challenging aspects of the Gribov-Zwanziger framework for color confinement. At present, the characterization of the analyticity and of the unitarity properties of these correlation functions seems a highly cumbersome task, taking into account that explicit calculations have to be done by employing a confining gluon propagator exhibiting complex poles.
Amongst the various open aspects of the Gribov-Zwanziger framework, the issue of the BRST symmetry is a source of continuous investigations, see for example [6, 7, 9, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] for an overview of what has been already done on this topic. We expect that a better understanding of the role of the BRST symmetry in confining Yang-Mills theories would be of great relevance in order to face the characterization of the physical spectrum.
In a recent work [1] , some of the authors have been able to obtain an equivalent formulation of the GribovZwanziger action which displays an exact BRST symmetry which turns out to be spontaneously broken by the restriction of the domain of integration to the Gribov horizon. In particular, in [1] , the BRST operator s retains the important property of being nilpotent, i.e. s 2 = 0. This feature enabled us to make use of the powerful tool of the cohomology of s [41, 40] in order to prove that the set of colorless gauge invariant operators corresponding to the cohomology classes of s is closed under time evolution [1] . Moreover, it has also been shown that the Goldstone mode associated to the spontaneous breaking of s is completely decoupled.
The aim of the present article is to fill a gap not addressed in the previous work [1] , namely, the renormalizability to all orders of the spontaneous symmetry breaking formulation of the Gribov-Zwanziger theory in d = 4. As we shall see, the action obtained in [1] enjoys a large set of Ward identities which enables us to prove that it is, in fact, multiplicatively renormalizable to all orders.
A novel formulation of the Gribov-Zwanziger action and the spontaneous breaking of the BRST symmetry
Let us start by recalling the expression of the Gribov-Zwanziger action which enables us to restrict the Euclidean functional integral to the first Gribov horizon, namely
The field b a stands for the Lagrange multiplier implementing the Landau gauge condition, ∂ µ A a µ = 0, and c a , c a are the corresponding Faddeev-Popov ghosts. The fields ϕ ab µ , ϕ ab µ are a pair of bosonic fields, while ω ab µ , ω ab µ are a pair of anticommuting fields. These fields are needed in order to implement the restriction to the first Gribov horizon in a local way [6, 7, 9] . All fields belong to the adjoint representation of the gauge group SU (N). The massive parameter γ 2 , called the Gribov parameter, is not a free parameter, being determined in a self-consistent way through the gap equation
where E vac stands for the vacuum energy of the theory [2, 6, 7] ,
It turns out that the Gribov-Zwanziger action (1) does not exhibits an exact BRST invariance [6, 7, 9] , which is softly broken by the Gribov parameter γ 2 . Indeed,
where s stands for the nilpotent BRST operator
In ref. [1] it was proposed to replace expression (1) by the following action
where we have introduced two new BRST quartets [40] 
as well as the singlet fields H ab µν , H ab
It is easily checked that the action (6) can be rewritten as
from which it can be established that S ′ GZ has an exact BRST invariance
whereby we have preserved the nilpotency of the BRST operator, s 2 = 0.
As discussed in [1] , the formulation provided by the novel action S ′ GZ is equivalent to that of the original GribovZwanziger action S GZ . Let us therefore point out that, using the algebraic exact equations of motion of the fields
we immediately recover the γ-dependent part of the Gribov-Zwanziger action, namely
Moreover, the integration over the fields F , F , F and F turns out to generate a unity in the partition function, as can be seen by performing the following simultaneous changes of integration variables:
from which the equivalence between the two formulations, expressed by means of (1) and (6), follows.
Let us proceed by showing how the spontaneous breaking of the BRST symmetry is realized in the new formulation of the Gribov-Zwanziger action. To that end, let us rewrite the action S ′ GZ by again making explicit use of the equations of motion (11) . Thus
This expression turns out to be left invariant by the following nilpotent BRST transformations:
with sS
Furthermore, from equations (15), it follows that the BRST operator suffers from spontaneous symmetry breaking. In fact
Let us end this short summary by mentioning the important feature that the Goldstone mode associated to the spontaneous symmetry breaking of the BRST operator turns out to be completely decoupled from the theory, see [1] for the argument.
Ward identities
The first step in order to prove the all orders renormalizability of the novel formulation is to establish the set of Ward identities obeyed by the action S ′ GZ , eq.(6). To that end, and following the algebraic renomalization procedure [40] , we introduce a set of external sources
and the complete BRST invariant action Σ
where, as done in the original work by Zwanziger [6, 7] , we have introduced the multi-index notation i ≡ (a, µ), i = 1, ..., f = 4(N 2 − 1), which turns out to be very useful in the discussion of the renormalizability. As pointed out in [6, 7] , the possibility of introducing the multi-index i ≡ (a, µ) relies on the existence of a global symmetry U ( f ). Thus, the term δ a µi appearing in expression (19) stands for • the Slavnov-Taylor identity 
• the linearly broken Ward identity for the Gribov parameter γ 2
As we shall see in the next section, this identity will be responsible for the nonrenormalizability properties of the Gribov parameter γ 2 . Notice that the left hand side of (23) is linear in the quantum fields, i.e. it is a linear breaking. It is well established that this kind of breaking is not affected by quantum corrections, see [40] .
• the gauge-fixing condition and the anti-ghost equation:
• the equations of motion of the auxiliary fields:
• the equations of motion of the Lagrange multipliers:
• the equations of motion of the localizing fields:
• the Ward identities:
• the linearly broken U (4(N 2 − 1)) Ward identity 
• the exact integrated Ward identities:
• the SL(2, R) Ward identity
• the linearly broken rigid SU (N) symmetry (37) where
i.e., the set O is the set of all fields and sources that have only one color index, where we have not taken into account the color index hidden in the multi-index i = (a, µ).
• the equation of motion of the source λ ab
• the Q f charge
We can combine the operators Q i j and T (6) i j , appearing in eqs. (33) and (34), respectively, and construct the following operator:
The operator Q T i j commutes with the BRST operator s
Then, the trace of Q T i j defines a new charge:
where f ≡ 4(N 2 − 1). The Q f charge gives rise to a powerful linearly broken Ward identity when acting on Σ, namely
This is actually the Ward identity which enables us to make use of the multi-index i = (a, µ).
Proof of the all orders renormalizability
Having established the Ward identities obeyed by the action Σ, eqs. (22)- (43), we can proceed to show the renormalizability to all orders of the model. Let us begin with the algebraic characterization of the most general local invariant counterterm that is compatible with all Ward identities.
Algebraic characterization of the invariant counterterm
In order to characterize the most general local invariant counterterm which can be freely added to all orders in perturbation theory, we follow the general setup of the algebraic renormalization [40] and perturb the starting action Σ by adding an integrated local polynomial in the fields and sources, Σ count , with dimension bounded by four and with vanishing ghost number. We thus demand that the perturbed action,
where η is an expansion parameter, fulfills, to the first order in η, the same set of Ward identities obeyed by Σ, eqs. (22)- (43). This requirement gives rise to the following constraints for the counterterm Σ count :
Here, the operators with the subscript "Σ" represent the so called linearized operators corresponding to the Ward identities which are nonlinear in Σ, see [40] . For example, S Σ is the linearized operator corresponding to the Slavnov-Taylor identity (22) , namely
As the BRST operator, also S Σ is nilpotent, i.e.
The remaining linearized operators are given by:
Let us now turn to the characterization of the counterterm. The constraints (47) imply that Σ count is independent from the fields b, G, G, F , F , F , H , H , as well as from the Gribov parameter γ 2 . Equation (46) means that Σ count depends onc and K only through the combination (∂ µc a + K a µ ). Moreover, from eq.(49) it follows that Σ count has zero Q f -charge. Finally, relying on well known properties of the cohomology of Yang-Mills theories [40] , condition (45) allow us to construct the countertem in the form:
where a 0 is a dimensionless coefficient and ∆ (−1) is an integrated polynomial in the fields and sources with dimension four and ghost number −1. Collecting all this information, and making use of Table 1 and of Table 2 , one can 
In this expression, a i , i = 1, ..., 10, are dimensionless coefficients, while {t}, {α}, {β}, {τ}, {M} stand for invariant tensors of the gauge group SU (N). Following an observation already employed in previous works [8, 9, 10] , it turns out that the coefficient a 2 vanishes. This is due to the fact that, as the term L a c a is already of dimension 4, the coefficient a 2 cannot depend on the Gribov parameter γ 2 , and it vanishes when γ 2 = 0 due to the existence of an additional Ward identity, called the Landau gauge ghost Ward identity, see [42, 40] .
Furthermore, applying the remaining constraints, and using the following useful commutation and anti-commutation relations,
it follows that, after a lengthy analysis, only the coefficient a 1 remains free. The a priori quite monstrous expression for ∆ (−1) , eq. (54), eventually thus reduces considerably to the following form
Summarizing, the most general invariant counterterm Σ count compatible with all constraints (45)-(49) has two independent free coefficients, a 0 , a 1 , and is given by
A bc 
Renormalization factors
Having characterized the most general invariant local counterterm Σ count , eq.(57), compatible with all Ward identities (22)- (43), it remains to check if Σ count can be reabsorbed into the starting action Σ through a multiplicative renormalization of the fields, sources and parameters of theory, namely
where ( f 0 , f ) is a shorthand notation for the bare and renormalized fields, while (J 0 , J) stand for the bare and renormalized sources and parameters. Making use of expression (57), for the renormalization factors {Z} one obtains
A ,
This finalizes the proof of the all orders algebraic renormalization of the novel formulation of the Gribov-Zwanziger theory. Let us conclude by observing that the renormalization factor Z γ 2 of the Gribov parameter γ 2 is not an independent quantity, being expressed in terms of the renormalization factors of the gauge coupling constant g and of the gauge field A a µ , i.e. Z γ 2 = Z . This feature expresses the nonrenormalization properties of γ 2 , already established in [6, 7, 8, 9, 10] , here a simple consequence of the powerful Ward identity (23).
Conclusion
In this work we have pursued the investigation of the novel formulation of the Gribov-Zwanziger action proposed in [1] , which allows for an exact BRST invariance of the action implementing the restriction to the Gribov horizon. As shown in [1] , the BRST symmetry turns out to be spontaneously broken, the breaking parameter being nothing but the Gribov mass γ 2 . It is worth mentioning that in this reformulation the BRST operator s does keep its nilpotency, i.e. s 2 = 0, a crucial feature which enables us to employ the powerful results on the cohomology of s in order to construct the set of colorless local composite gauge invariant operators [40] .
In the present paper we have presented the all orders algebraic proof of the renormalizability of the new formulation. In particular, as one can see from eq. (60), only two independent renormalization factors are needed, namely Z A and Z g , a feature which is shared by the original formulation of the Gribov-Zwanziger action. This is an important check of the equivalence between the two formulations at the quantum level.
Certainly, many aspects of the role of the BRST symmetry in the presence of the Gribov horizon remain to be unraveled. Though, we believe that the current formulation in which the BRST symmetry is spontaneously broken might be helpful in order to face the hard and still open problem of identifying a set of renormalizable composite operators whose correlation functions display the necessary analytical and unitarity properties allowing to make contact with the physical spectrum of a confining Yang-Mills theory. The results of [1] , together with those of the current follow-up paper already learn that we can introduce the subspace of renormalizable gauge invariant operators which is furthermore preserved under time evolution, based on BRST cohomology tools. The further extraction of a physical subspace with the desired spectral properties is now subject to further investigation.
Finally, although the proof of the renormalizability given here refers to the new Gribov-Zwanziger action in 4d, it is worth to mention that it immediately generalizes to the case of the Refined Gribov-Zwanziger action [8, 9, 10] , both in 4d and in 3d [43] .
